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Abstract—An important technique for saving energy in data
centers is consolidating work onto a small number of well utilized
servers via dynamic capacity provisioning. A common approach
for dynamic capacity provisioning is ‘“receding horizon control”
(RHC), which computes the provisioning for the current time by
optimizing over a given window of predictions about the future
arrivals. In this work, we provide new results characterizing
the performance of RHC. We prove that RHC performs well
when servers are homogeneous; specifically, it has performance
that quickly tends toward optimality as the prediction window
increases. However, we also prove that RHC can perform badly
when servers are heterogeneous, regardless of the length of the
prediction window. This is problematic since in practice there is
heterogeneity both within and between data centers. To address
this issue, we introduce two variants of RHC that are guaranteed
to perform well in heterogeneous settings. Specifically, under both
homogeneous and heterogeneous settings, their competitive ratio
matches that of RHC in the homogeneous setting.

I. INTRODUCTION

As the Internet continues to grow, it is increasingly ham-
pered by excess energy consumption. This is particularly acute
in data centers, which can now use as much power as a small
city [1]. However, much of this power is wasted on times when
load is low. There are two main techniques to reduce energy
consumption during periods of low load: speed scaling [1]—[3]
and low-power idle (sleep) modes [4]-[7]. We focus on sleep.
It is often argued that it is better to use “energy proportional”
servers than to put servers to sleep, but much progress towards
making servers energy proportional has come from making
them autonomously put subsystems to sleep.

Whether autonomous or centralized, entering and leaving
sleep mode incurs a penalty (“switching cost”), in terms of
latency, energy consumption, or wear-and-tear. This means that
decisions to sleep cannot be made independently at different
time instants. The problem is challenging due to the lack of
knowledge about future workloads, which means that a server
that is put to sleep may soon need to be woken again. There is
a significant and growing literature on this topic [5],[6],[8],[9].

Although the distant future cannot be known, it is often
possible to estimate loads a little in the future [10], [11]. This
can be used by Receding Horizon Control (RHC) algorithms,
also known as Model Predictive Control. RHC is commonly
proposed to control data centers [8], [9] and, more broadly, it
has a long history in the control theory literature [12]-[14].
In RHC, an estimate of the near future is used to design a
tentative control trajectory; the first step of this trajectory is
then implemented and, in the next time step, a new prediction
and new tentative trajectory are calculated.

In this paper, we evaluate bounds on the performance of
RHC for controlling the number of servers to provision in a
data center. The performance is in terms of the competitive
ratio: the worst case ratio of the cost of using RHC to the cost
of using optimal provisioning.

We first consider the case that all servers are equally able to
serve each job. In this case, RHC is 1 + O(1/w)-competitive
when load can be accurately estimated w into the future. This
can be much tighter than the competitive ratio of 3 obtained
for “blind” schemes that know nothing of future loads [6].

However, in many settings, the cost of serving a job differs
between servers. Even if their hardware is identical, servers
within a data center may store different data on their local
hard drives. Similarly, geographic load balancing [15], [4]
causes work to be sent to distant servers, which incurs unequal
network delay costs. Within a data center, servers may be
different generations of hardware, or deliberately chosen to
be heterogeneous, possibly to increase the flexibility of power
management [16]-[18].

In the heterogeneous setting, we find that there are work-
loads for which RHC performs poorly. In particular, it is
1+Q(8/ fo)-competitive, where /5 measures the switching cost
and fj is the cost of running an idle server. This can be large
and, surprisingly, does not depend on w. That is, in the worst
case, RHC does not improve as the prediction window grows.

Motivated by this weakness, we present variants of RHC
that maintain 1 + O(1/w) worst-case guarantees regardless
of the number of types of servers and workloads. The new
algorithms we propose work by taking the average or mixture
of w + 1 Fixed Horizon Control (FHC) algorithms. See
Section III for a detailed description. In addition to providing
analytic results for these algorithms, we evaluate them under
workloads measured on a real data center, and show that the
improvement in worst-case performance comes at virtually no
cost in average-case performance.

Note that one distinctive feature of this paper is the gen-
erality of the model we consider. In addition to allowing
heterogeneity among both the jobs and the servers (systems
studied analytically typically have homogeneous servers [5]-
[7] or disjoint collections of homogeneous servers [19]); we
also allow costs to be general, i.e., we do not require convexity
(typically analytic guarantees require convex cost functions,
e.g. [4]-[6L.[15D).

The remainder of the paper is organized as follows. After
describing the analytical model in Section II, we present
our algorithms in Section III, where we also discuss their
performance. The results are proved in Section IV.



II. MODEL

Our focus is on understanding how to dynamically provision
the (active) service capacity of a large, possibly heterogeneous
pool of servers so as to minimize the “cost” of the system,
which may include both energy and quality of service. The
model we discus generalizes [6],[4],[15] and can, for example,
model servers in geographically diverse data centers serving
requests from different regions, or servers storing different files
and serving jobs requiring different data.

A. Workload model

We consider S > 1 types of servers, each of which has a
different cost for serving different types of jobs, and J > 1
types of jobs. We take a discrete-time model where the timeslot
length matches the timescale at which servers can enter or
leave power saving states. There is a (possibly long) time-
interval of interest ¢ € {1,...,7}. The mean request rate
for timeslot ¢ is denoted by A\, = (A, ;) ey, Where )\ ; is the
mean request rate (arrival rate) for type j jobs at time ¢. We set
At =0 for ¢t <1 and ¢ > T, and assume that jobs re short so
that work does not carry over between slots and provisioning
can be based on the average arrival rate during a timeslot. In
the data center setting, 7" could be a year, a timeslot could be
10 minutes, and a job length could be on a second or less.

B. Cost model
Our goal is to provide insight into two important decisions:

(i) Determining the number of active servers, z; =
(2¢,5)ses, where x4 s is the number of active servers of
type s during timeslot t. Define x = (z4)%_;.

(ii) Dispatching arrivals to servers, i.e., determining
(At j,s)ses such that 3 oA j o= g forall j € J.

The system wants to choose the number of active servers and
the dispatching in order to minimize the “cost” incurred.

We decompose the cost incurred by the system into two
components: (i) the operating cost incurred by using active
servers to serve requests by certain dispatching rule in each
timeslot. (ii) the switching cost incurred by changing provi-
sioning between timeslots. Note that both components may
include costs of energy, delay, and even wear-and-tear.

To model the operating costs, we use a (possibly time
varying) function f;(z, \;) for each timeslot, which represents
the cost of using x; = (Im, . ,$t75) servers to serve arriving
requests Ay = (A1, ..., Ar,s) under the optimal dispatching of
A over x;. Note that the optimal dispatching can be computed
easily in many cases, such as when each f; is convex. Thus,
we do not explicitly consider the dispatching decision in the
following and simply assume it is performed optimally.

One important property of f for our results is fo s, the
minimum cost per timeslot for an active server of type s. Thus
fe(xe, M) > fo - xp where fo = (fo,s)ses-

The switching costs are modeled by a function d(z;_1, ),
which represents the cost of changing the number of active
servers of each type from vector x;_; to vector z;. Except
for Lemmas 1 and 2, our results use the following switching
cost. Let BT and 8~ be vectors such that 87 is the cost of

turning a server of type s on, and g is the cost of turning it
off. Then, it is natural to use

d(z,y) =B - (y—x)t + 5~

where (z)* = max(0, z) elementwise.

(x—y)T, (1)

C. Cost optimization problem

Given the workload and cost models above, the system goal
is to choose the active number of servers x; so as to minimize
the total cost during [1,7]:

T T+1
xlmh}ﬁ th(l’t, At) + Z d(z—1,2¢) 2
ot t=1

subject to 0 < z; € R‘], zo = x741 = 0.

Recall that x; and \; are vectors. Note that this optimization
makes two main simplifications. First, it does not impose
integer constraints on z;. This is acceptable since the number
of servers is assumed to be large and so rounding does not
create significant inefficiency. Second, the number of each type
of server is not explicitly bounded above. A (possibly time-
varying) upper bound z; < M; can be imposed by defining
fi(x,-) = oo for x > M;. A constraint on the load per server
can be imposed similarly.

In the optimization above, since x9 = 0 and z74; = 0,
the number of times a server is turned on in [1, 7] is equal to
the number of times it is turned off in [2, T + 1]. Thus, if the
switching costs are modeled using (1) then the solution of (2)
depends on 3% and 5~ only through their sum. Accordingly,
for simplicity, we focus on

d(z,y)=8-(y—=x)*, 3)

where 3 = B% + 5. In this case, the last switching cost is
0, and the optimization becomes

min
TlyeeeyXT

T T
S filwn M)+ d(mor,m) @)
t=1 t=1

subject to 0 <z € R/, zo = 0.

It is this formulation of the cost optimization with d as in
(3) that we focus on in the remainder of the paper, unless
otherwise stated.!

Given this optimization problem, in many cases the solution
can be found easily offline, i.e., given \; for all ¢. However,
our goal is to find online algorithms for this optimization, i.e.,
algorithms that determine x; using only information up to time
t + w where w > 0 is called the “prediction window”.

In order to evaluate the performance of online algorithms we
use the standard notion of competitive ratio. The competitive
ratio of an algorithm A is defined as the maximum, taken over
all possible inputs, of cost(.A)/cost(OPT), where cost(A) is
the objective function of (4) under algorithm A4 and OPT
is the optimal offline algorithm. In our context, the “input”

IThe fact that the choice of 1 and 8~ does not affect the solution of (2)
allows algorithms to choose an arbitrary S+ and 5~ subject to ST +5~ = 3.
In the algorithms we study, 8~ = 0 is the optimal choice.



clearly includes the load A\ and duration 7', and we also take
it to include S, J and (.

A final remark about optimizations (2) and (4) is that, when
d(z,y) is a metric, they are instances of the class of problems
known as “Metrical Task Systems (MTSs)”.> MTSs have
received considerable study in the algorithms literature, and it
is known that if no further structure is placed on them, then the
best deterministic algorithm for a MTS has competitive ratio
proportional to the number of system states [20]. However,
when additional structure exists the competitive ratio can be
much smaller [21], [22]. The work most related to the current
paper is [6], which gave a 3-competitive algorithm for a special
case of (4) where servers are homogeneous, f is convex, and
the prediction window w = 0.

In this paper, we study both homogeneous and heteroge-
neous systems and allow f to be general. In this setting,
the prediction window becomes a key determinant of the
performance of the online algorithms we consider. For some
MTSs, prediction windows of fixed length provide no benefit
in terms of the competitive ratio [23]. However, in our setting,
we show that significant benefits are possible.

D. Motivating examples

We now highlight the generality of the model by providing
a few examples of problems that it captures.

Geographical load balancing: The first example we con-
sider is that of load balancing among geographically diverse
data centers in order to minimize the cost, which depends
on time-varying electricity prices at each of the locations.
This setting has been the focus of a considerable amount of
algorithmic work recently, e.g., [4],[24],[25].

To capture this scenario, the job types represent jobs origi-
nating at geographically different sources and the server types
represent servers at geographically different data centers. The
operating costs, f, then include the network delays between
sources and servers, queueing/processing delays within each
server, and energy costs for operating servers in each location.

For example, each server may be modeled as an M/G/1/PS
(processing sharing) queue. Let \;; be the arrival rate jobs
from location j to data center s, and fo , be the energy cost
of a server of type s. Let the network delay from location j
to data center s be Dj,. If the service rate of each server is
normalized to p = 1, then f(x, \) is

. ZS: i (Z] )‘sj)2 Z \oiD 5)
min Tsfost v — + sil)is
Ais 1- Zj Asj/Ts 7 Y

s.t. Z/\Sj = )\j.

The switching costs, d, in this scenario include a combina-
tion of the power, time, and wear-and-tear involved in turning
a server on/off. Thus, d(z,y) = B(y — )™ is reasonable.

ZNote that we do not restrict d(-) to being a metric. In particular, we focus
on d, for which d(z,y) = 0 does not imply x = y. However, all problems
we consider are equivalent to ones in which a metric d(-) does exist, namely
setting T = B~ > 0.

A heterogeneous data center: Much of the research on
dynamic capacity provisioning in data centers, e.g., [7], [5],
has assumed homogeneity, with servers equally able to serve
all jobs. The model we consider allows a much more complex
situation where each job type may have different service rates
at different types of servers. This could result from hetero-
geneous data placement or hardware, among other causes,
e.g., heterogeneity may be deliberately introduced to facilitate
energy management [16]-[18].

In this setting, the job types require different mixes of
data or have different bottleneck resources. The server types
capture heterogeneous server hardware (such as different types
of cores on a heterogeneous multicore CPU [26] or amounts of
memory) or data placement. The operating costs, f, include
queueing/processing delays and the communication time to
access data, which may be stored remotely.

For example, as in the geographical load balancing case,
each server may be modeled as an M/G/1/PS queue, and each
job of type j impose load c;s on a server of type s. Let Aj,
be the arrival rate of type j jobs to all the servers of type s,
and other notation be as above. Then (5) is replaced by

s 2

. (225 Ajs ¢5s)
>>\ = min sJ0,s . . 6
flz,N) i ; (m Jos + (A cjs)/xs> (6)

The switching cost contains the same components as above.

III. ALGORITHMS AND RESULTS

Our focus in this paper is on evaluating analytically the
performance of Receding Horizon Control (RHC) as an algo-
rithm for dynamic capacity provisioning. Our results uncover
some potential drawbacks of RHC in heterogeneous settings,
and so we also propose variations of RHC that address these
drawbacks. The main results are presented and discussed here.
The proofs are deferred to Section IV.

A. Receding Horizon Control (RHC)

As previously mentioned, RHC is commonly proposed in
for dynamic capacity provisioning [8], [9] and has a long
history in the control theory literature [12]-[14].

Informally, RHC works by, at time 7, solving the cost
optimization over the window (7, 74+w) given the starting state
x,_1. Formally, define X7 (x,_1; \) as the vector in (R7)®*+!
indexed by t € {r,...,7 + w}, which is the solution to

T+w T+w
min > filzp, M)+ Y d@een,m)  (7)
TryeesTrtw — —

subject to  x; > 0.
Then, RHC works as follows.

Algorithm 1 (Receding Horizon Control: RHC). For all t <
0, set the number of active servers to tryc+ = 0. At each
timeslot T > 1, set the number of active servers to

zruC,r = X1 (TREHCr—1; A) 8

and optimally dispatch \. across rHC,



To study the performance of RHC we first consider the case
of homogeneous servers (S = 1). Then, z; are scalars. This
case still has jobs with different service requirements, and so
A+ may still be a vector. Note that (7) need not have a unique
solution. In the homogeneous case, we define RHC to select
the solution with the greatest first entry.

In the homogeneous setting, RHC performs well: it has a
small constant competitive ratio that depends on the minimal
cost of a server and switching cost, and decays to 1 quickly
as the prediction window grows.

Theorem 1. If there is a single type of server (S = 1), then
RHC is (1 + (w+1)f )-competitive.

Given Theorem 1, it is natural to wonder if the competitive
ratio is tight. The following result highlights that there exist
settings where the performance of RHC is quite close to the
bound in Theorem 1.

Theorem 2. There exists a (convex) operating cost function f

i 1 B o
such that RHC is not better than (1 + m)—compennve,
even when restricted to S = 1.

Note that Theorem 2 holds even if we restrict ourselves to
the class of convex objectives. Indeed, all of the examples of
bad performance in this paper can be achieved with convex
cost functions. Additionally, it is interesting to note that
[27] shows that a prediction window of w can improve the
performance of a metrical task system by a factor of at
most 2w. If 8/fy > 1 then RHC is approximately within
a factor of 2 of this limit in the homogeneous case.

The two theorems above highlight that, with enough look-
ahead, RHC is guaranteed to perform quite well in the ho-
mogeneous case. Unfortunately, the story is different when
servers are heterogenous.

Theorem 3. When there are multiple types of servers (S > 2),
for all w> 0 RHC is > (1 + max(8s/ fo,s))-competitive.

In particular, for all w > 0 the competitive ratio in the
heterogeneous case is at least as large as the competitive ratio
in the homogeneous case with w = 0. Most surprisingly (and
problematically) this highlights that RHC may not see any
improvement in the competitive ratio as w is allowed to grow.
Further, this worst case uses convex f, so the hardness is truly
coming from the heterogeneity and not from other factors.

The proof, given in Section IV-D involves constructing a
workload such that servers of different types turn on and off
in a cyclic fashion under RHC, whereas the optimal solution
is to use a single class of servers throughout. Note that the
larger the prediction window w is, the larger the number of
types of servers must be in order to achieve this worst case.

The reason that RHC performs poorly in the heterogeneous
case is that it neglects history, i.e., how long it has been in the
current state. At first glance, this seems reasonable since the
future cost depends on the history only through the state x;.
However, the cost of the optimal algorithm depends on a more
detailed history and, by considering the history, an algorithm
is able to reduce its competitive ratio. This is common in on-

line decision problems, such as the rent-or-buy problem [28]
and k-server problem [29]. The algorithms in the next section
address this issue.

B. Fixed Horizon Control

In this section, we present variants of RHC that collectively
we term Fixed Horizon Control (FHC) which addresses the
limitation of RHC in the heterogeneous setting.

Intuitively, instead of considering only the first step of each
tentative control trajectory, at time ¢t FHC takes the average of
all the policies for time ¢ calculated in preceding time steps.

More formally, first consider a family of algorithms param-
eterized by k € [1,w + 1] that recompute their provisioning
periodically. For all k = 1,...,w+1,let Q, = {i : i = k
mod (w+1)} N[—w, c0); this is the set of integers congruent
to £ modulo w + 1, such that the lookahead window at each
T € ), contains at least one ¢t > 1.

Algorithm 2 (Fixed Horizon Control, version k: FHC(’“)). For
all t <0, set the number of active servers to ngl)ic,t =0. At
each timeslot T € Qy, forall t € {7,..., 7+ w}, set

k (. (k
zihes = X (Wher1iA) ©
using (7), and dispatch \; over ngl){C,t optimally.

, . k
For notational convenience, we often set 2% = z{¥) .

Note that for £ > 1 the algorithm must start from 7 = k —
(w + 1) rather than 7 = k in order to calculate xpyc, for
t < k. However, X7 (;A) = 0 for all ¢ < 0 since \; = 0
for t < 0, and so the assignment in (9) is consistent with the
initialization ngl){at =0 fort <0.

The above algorithm can have very poor performance.
However, it gives rise to the following two useful algorithms,
SFHC and AFHC, which provide ways to combine the w + 1
FHC algorithms to ensure good performance.

The first algorithm, Splitting FHC (SFHC), works by split-
ting the servers into w+ 1 groups (each using a different FHC
algorithm) and splitting the arrivals among them.

Algorithm 3 (Splitting FHC: SFHC). Divide the servers
into w + 1 groups and divide the workload equally among
them. At timeslot 7 € Qy, group k uses FHC™®) with load
A/ (1 + w) to determine its provisioning &™) ,ir(T’:Zw and
the corresponding optimal dispatching of \/(1 + w) within
group k during |1, T + w).

Note that at time ¢ € Qy, groups k' # k do not change their
provisioning and dispatching. This causes the total provision-
ing at time ¢ to depend on past loads as well as the current
and future load. This is what allows SFHC to achieve a tighter
competitive ratio than RHC.

The second algorithm we consider averages the decisions
of the w + 1 FHC algorithms.

Algorithm 4 (Averaging FHC: AFHC). At timeslot T E Qk,

use FHC®) to determine the provisioning x,(fl, .. $k Tt

and then set Tappct = w+1 (k)/(w—l- 1). At time t, Ay is
dispatched optimally over x AF HCA,t



These two algorithms are quite similar, and under a natural
condition (see (10) below), both SFHC and AFHC give the
same provisioning x,. But, it should be noted that AFHC uses
the globally optimal dispatching and SFHC does not; therefore
AFHC outperforms SFHC. However, the splitting performed
by SFHC facilitates distributed implementation.

Intuitively, the SFHC and AFHC seem worse than RHC
because RHC uses the latest information to make the current
decision and SFHC/AFHC make decisions in advance, thus
ignoring some possibly valuable information.? This intuition is
partially true, as shown in the following theorem, which states
that RHC is not worse than SFHC/AFHC for any workload in
a homogeneous system (S = 1).

Theorem 4. If there is a single type of server (S = 1), then
cost(RHC) < cost(AFHC) < cost(SFHC)

Though RHC is always better than AFHC and SFHC in the
homogeneous case, RHC can be worse than SFHC and AFHC
in heterogeneous systems, even when there are only two types
of servers.

Theorem 5. Consider S = 2 types of servers and J = 1
type of workload. There exists a (convex) running cost f and
a workload X\ such that

cost(RHC) > cost(SFHC') > cost(AFHC).

Moreover, the competitive ratio of RHC can be much worse
than that of SFHC and AFHC in larger heterogeneous systems,
which highlights the importance of history to online algo-
rithms. The following two theorems highlight, under slightly
different conditions, that SFHC and AFHC guarantee good
performance in the heterogeneous setting.

Theorem 6. If

fi(amy, aXy) = afi(w, A\, (10)
for all o > 0, then
cost(AFHC) _ cost(SFHC) Bs
<1 _—
cost(OPT) — cost(OPT) — o (w+1)fos
Theorem 7. If
fe(xe, At) is convex in x4, (11)
then
cost(AFHC) <1+ ma Bs
—_— max ——————.
cost(OPT) — s (w+1)fos

The contrast between Theorem 3 and Theorems 6 and 7
highlights the improvement AFHC and SFHC provide over
RHC. In fact, AFHC and SFHC have the same competitive
ratio in the general (possibly heterogeneous) setting that RHC
has in the homogeneous setting.

3SFHC and AFHC are also more sensitive to errors in predicted workload
than RHC is. The former “lock in” estimates made w steps in advance,
whereas in the latter the provisioning at each time ¢ reflects the most up-
to-date estimates. The sensitivity can be reduced by re-calculating $§k> for
all k based on the load estimates available at time ¢.
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Fig. 1. Total cost, normalized by the cost of OPT, versus prediction window
under RHC and SFHC for the workload used in the proof of Theorem 3.
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Fig. 2. Total cost, normalized by the cost of OPT, versus prediction window
under RHC and AFHC for a workload trace from HP labs. Case w = 0 uses
5 minute lookahead to know the load in the “current” slot.

C. Numerical results

We highlight the improvement of AFHC and SFHC as com-
pared to RHC in Figure 1, which illustrates the performance of
SFHC, and RHC on a “bad” instance for RHC. This instance is
described in the proof of Theorem 3. Notice that while SFHC
(and AFHC) benefit from increasing window size, RHC fails
to improve as the window size grows.

One might worry that, though AFHC and SFHC have
significantly better performance in the worst-case than RHC,
they might provide significantly worse performance in typical
cases due to the fact that the latter always uses the latest
information to make decisions while AFHC and SFHC do not.
Figure 2 shows that this is not the case. In fact, in a typical
setting, all three algorithms have quite similar cost. So, the
“robustness” benefits of AFHC and SFHC do not come at
significant expense to the average case. This setting uses the
cost (6) with two types of server and two types of load; Type
1 servers are 30 times better at serving type 1 load than type
2 load, and conversely for type 2 servers. Loads are taken
from an HP research labs data center, as described in [4],
with 5 minute granularity. To introduce heterogeneity between
different types of loads, the load of type 1 is the concatenation
of load from a weekday followed by the load from a Sunday,
while load of type 2 is that from a Sunday followed by a
weekday. The switching cost is the energy cost of remaining
idle for an hour.



IV. PROOFS

We now present the proofs of the theorems in Section III.
The exposition is simplified by studying Fixed Horizon Con-
trol (FHC) before Receding Horizon Control (RHC).

A. Notation

We first introduce some additional notation used in the
proofs. For brevity, for any vector y we write y; ; =
(Yss- -, y;) for any i < j.

Let 2* denote the offline optimal solution to optimization
(4), and OPT be the algorithm that uses x* with optimal
dispatching at each stage. Further, let X be the result of
RHC, and recall that z(*) is the result of FHC(®*), and #(*)
(k=1,...,w+ 1) is the result for group k£ of SFHC.

Let the cost during time [t1, t] with optimal dispatching be

E d(zi—1,24).

t=t1+1
12)
If ¢ is omitted, then by convention £ = x;,_;. Note that
Gt,,t,(x; A) depends on x; only for ¢; —1 < < to.
Using g we can define the cost of each algorithm as follows.
For any algorithm A € {RHC, FHC, AFHC,OPT}, which
all use optimal dispatching at each stage, the total cost is

cost(A) = g1 r(za; ).

Since SFHC uses suboptimal dispatching, its total cost is
slightly different, namely

G185 (756, A) = Z fe(@e, Ae)+d(&, 24, )+

t=t1

cost(SFHC') (13)

w+1
A
E ), 2
a,T ( 1tw ) .
B. Proofs of Theorems 6 and 7

We first present lemmas needed to prove Theorem 6.

Lemma 1. For any d(-) that satisfies triangle inequality,

+ 2 dy ).

TEQ

cost(FHC®) < cost(OPT) +

Proof: For every k =1,...,w+ 1 and every 7 € {,

9r, 4w (x(k)§ A)

T4+w T+w
= Z ft( )\t )+ Z d xgk)l,argk
t=T1
T+w T+w A
<N )+ Y drga)) +d@), 27)
t=1 t=7+1
TH+w T+w
< jg:(ﬁ(xr7At)4_ j{: d(x:—lvx:)
t=r1 t=7+1

k * *
v et ) Fdaty, at)

(k) *

:g‘r,‘r—‘rw(x* /\) ( T— 1,1’7_1). (14)

Summing the above over T € (), establishes the lemma. W

Lemma 2. For every f(-) and d(-) such that for all x, y, X
and o > 0,

filaz, aX) = afi(z, ),
d(az, ay) = ad(z,y)

and d(-) satisfies the triangle inequality, we have

w41 *
S(k) Tr—1
cost(SFHC) < cost(OPT) + Z Z d (xT_l, w—i—l) .
k=1 T7€Qy

Proof: The assumptions on f(-) and d(-) imply that
gir(ax,a)) = agir(x,)). Since 2% = 2" /(w + 1),
substituting Lemma 1 into the definition (13) gives

w41
cost(SFHC) = Z gr.r(@ ;N (w+ 1))
w+l
z* A
< - .
- ; (gl’T <w+1’w+1)
‘,L,*
IS
feon w+1
w—+1
= g1,7(2"; )‘+sz<71’ 1).
k=1 17€Q
||
With these lemmas, we can now prove Theorem 6.
Proof of Theorem 6: Substituting d(z,y) = 8- (y—=z)*
into Lemma 2, we have
cost(SFHCQC) 14 B Z?:l TPy
cost(OPT)  — (w + 1)cost(OPT)
T
<140 2?1 Ti (15)
(w+1) >y fe@}, M)
T *
< 14 B im1 T
(w+1)fo- 23;1 xf
Bs
< 14+ max ——
S (U)+'1)jb@

where the last step uses the facts that 3;/ fo; < maxs 85/ fo,s.
and 0 < Zthl iy < Zthl z; elementwise as 25 =0. W

A similar proof establishes Theorem 7.
Proof of Theorem 7:
By the convexity of f,

cost(AFHC) < 1
cost(OPT)

sy g1 (x®); )

w1~ cost(OPT)

+ B - 23;1 iy
(w+1) 0y filag, )

where the second step uses Lemma 1. The result is established
by the derivation following (15). [ ]

<




C. Proofs of Theorems 1 and 4

We now introduce lemmas used to prove Theorem 4.

We start with two technical lemmas. The first says that the
optimal solution on an interval [7, j] is non-decreasing in the
initial condition x;_; and the final condition x ;1.

Lemma 3. Let S = 1. Given )\1] = ()\l,,AJ) with
each A\ GHRJ, and constants x;_1,2;41 € R, let 9 =
(x;j,...,x;q) be a vector minimizing g; ;(x; N;_j;xi—1) +
d(xj,zj11). Then for any &y > x;1 and Zj11 >
i1, there exists a vector ¥ = (,...,27) minimizing
gij (T Nij3 Zim1) +d(zj, &41) such that £9 > z%.

Proof: Since z*/ and %Y minimize their respective
objectives, we have gi7j($ij;Ai,,j;$i_1) + d(a:;»j,xj+1) <
Gi.j (56”7 Aijiio1) +d(25, 2j41) and g; (iij; Xioji®io1)+
d(i‘?,i]_’_l) S gid(l’ij; )\7J,QA31_1) —+ d(l‘;],i‘j_i_l). If there
is an x* such that the latter holds with equality, then we
can choose Z;” = x;’ and consider the problem with ;11 ;
recursively. Otherwise, i.e., the latter is a strict inequality,
summing the two inequalities and cancelling terms gives

(] —zia )T (@7 —2io) T+ (=27 )+ (i —a2f) T
<(@7 —wima) T (@ =) T+ (@2 )T (2 —27) "
Since #;—1 > x;—1 and Tjy1 > mj4q, it follows that
either z;/ < 2 or 7/ < 2}/, by the submodularity of
¢(z,y) = (x—y)T. In either case, we can continue recursively,
considering A;11.; in the former case or A; ;_1 in the latter.

Finally we have £¥ > 2%, [

The next technical lemma says that RHC has larger solu-
tions than related algorithms that look less far ahead.

Lemma 4. Consider a system with homogeneous servers (S =
1), and constants t, X1 > Ty—1 > 0, and k € [t,t + w).
Let & = (Z,...,%¢1k) minimize giir(T; N, Te—1), and let
X = TRHC- Then ¥ S Xt..t+k-

Proof: The proof is by induction. By hypothesis, z;_; <
X;_1. We need to prove that if z._; < X, _1, then , < X.
Notice that z, is the first entry of a vector minimizing
grk(z, N\, xr—1) + d(xg,0) since d(-,0) = 0. Similarly X,
is the first entry of a vector minimizing g, -y (2, A, X7-1),
which is equivalent to minimizing ¢, ;i (2, A\, Xr—1) +
d(r44,0). If K = 7 + w, we have &, < X, by Lemma
3 and the tie-break rule of RHC. Otherwise, i.e., k < 7 + w,
we know that X, is the first entry of a vector minimizing
gr (2, A, X71) +d(wg, 7, ;) with 25, > 0. By Lemma 3
and the RHC tie-break we again have =, < X. [ |
We can now prove the first main lemma used to prove
Theorem 4.

Lemma 5. In a system with homogeneous servers (S = 1),
each version k of FHC allocates fewer servers than RHC:

¥ < aruc. (16)

Hence zargc < xrgc and, if f satisfies (10), then

TsFHC < TRHC-

Proof: Let X = xrpyc be the result of RHC, and z =
ngl)fc The proof is by induction. By definition, o = Xy = 0.
To see that z,_; < X,_; implies z, < X, notice that z,
is the first entry of a vector minimizing g, x(z, A, z,_1) for
some k € [1, 7+ w], with k+1 € Q. The implication follows
by Lemma 4 and establishes (16). The proof for zarnc is
immediate, and that for zsp g follows by the scaling of g; 7

under (10). |

Lemma 6. If all servers are homogeneous (S = 1), then for
any given vector x < X, we have g1 7(X; ) < g1,7(z; ).

Proof: Tt is sufficient to construct a sequence of vectors
€7 such that: ¢' =z, & = X, for t < 7, and g1 7(£7) is non-
increasing in 7. The sequence can be constructed inductively
with the additional invariant £ < X as follows.

At stage 7, we calculate 771, Apply RHC on A, ..., A0
to get X7 (X,—-1,A\) = (&r,...,Tr4w). Note that T, = X, >
&7 since &7 < X by the inductive hypothesis. Moreover
Tror4w < Xr 74 by Lemma 4.

If Zr 74w > &7 4, €lementwise, then replace elements 7

to 7+ w in g‘r to get £T+1 = (6{..7——1ajT..T—i—uMg:-&-w—i-l“T) 2
€7 Then g1r4u(€7150) < grrpw(€7;A) by the opti-
mality of Z; r4,. Since {7, < T4 and d(z,y) =
By — x)T is non-increasing in its first argument, we
also have g; w1767 A) < grywi1,7(€7; ). Therefore,
G175 A) < g1.70(€7; N). Finally, to see that &7 < X
note that £ < X and T, 44 < Xr. ;4 as remarked above.

Otherwise, let k € [T+ 1,7+ w] be the minimum index that
Tp <& Let &M = (&7 1,8 k—1,&f 1) > &7 Note that
k > 741 since £, = X ; this ensures {] = X; for ¢ < 7.
Again, (771 < X as in the previous case. It remains to prove
917675 A) < g1r(E75 ).

Let uy = fjr-..kfl’ up = f,:n,r+w, Ug = Tr.p—1 and
Up = Tk r+w- Let vectors (ua,upg), (ia,up), (ua,ap) and
(Ga,tp) be indexed by ¢t € {7,...,7 + w}. To see how
replacing {7 | by &, ;1 affects the cost in [1,7], note
that

g rEHN) = g€ )
= Grrtw((@a,up); A) = grrrw((ua, up); A).
Now since &), < &[, Tr—1 > &[4 and ¢(z,y) = (x —y)* is
submodular, we have
(grrtw((Ua,up); ) — g'r,T-l-w((UAa up); A))
§ (@m0, 1) V) = (0, 1) )
= BT — k)" — (€ — )
+ (@ — &) — (@ — Tp1) ")
<0.

A7)

But since (G4, @) optimizes (7), we have

grr+w((ua, ip); A) = Grrtw((Ua,@p); A) > 0.



Thus the first bracketed term in (17) is non-positive, whence

(€N — g€ )
< gT,T+w((ﬂAa UB); )‘) - gT,T+w((UA; UB); A)
<0.

|

We can now prove that, in the scalar case, RHC outperforms
AFHC (and SFHC), and achieves the claimed performance.

Proof of Theorem 4: By Lemma 5 and AFHC, we have

Tz < X. By Lemma 6, gLT(X; )\) < gl,T(j§ )\) | ]
Proof of Theorem 1: The bound on the competitive ratio
of RHC follows from Theorems 4 and 7. ]

D. “Bad” instances for Receding Horizon Control (RHC)

In this section, we prove the lower bound results in Sec-
tion Il by constructing “bad” instances that force RHC to
incur large costs.

Proof of Theorem 2: Consider the operating cost
ft(xt, )\t) = foxt for At S Tt and ft(l't, Af) = oo for )\t > Tt
Note that this cost satisfies both (10) and (11). Now consider
the arrival pattern A = {A;}1<;<7 Where A\y(yq2)11 = N for
k=0,1,... and other \; are all 0. It is easy to see that RHC'
will give the provisioning Xy(y,42)+1 = &N and X; = 0 for
other ¢. Thus we have

T
X)) = N N
gLT( 5 ) w+2 f0+w+2ﬁ
Now consider another provisioning policy & = {&; =

Nhi<i<r. Its cost is g1 7 (&;A) = TN fo + BN. Thus

91,7 (X5N) /g1, 7(x™; X)) > 91,0 (X5 0) /91,7 (25 N)
_ Jo+ 0 R 1 n B
(w+2)(fo+B/T) w+2 (w+2)fo

as T' — oo. ]

Note that the cost function in the proof of Theorem 2 is
applicable to data centers that impose a maximum load on
each server (to meet QoS or SLA requirements).

Proof of Theorem 5: When there are S = 2 types of
server and J = 1 type of job, the following instance causes
cost(SFHC') < cost(RHC).

Choose constants f; > fo and $; < f2 such that (w +
Dfi <(w+1Dfa+ B2 < (w+1)f1 + p1 and wfi + B <
w fo + Bo. These can simultaneously be achieved by choosing
an arbitrary f; — fo > 0, then choosing 82 — 51 € (w,w +
1)(f1 — f2), and then B2 > (w + 1)(f1 — f2).

Let the switching cost for a type 7 server be ;. Let the
operating cost be fi(x¢, A\r) = fize1 + fomyo for Ay < 1+
a9 and fi(xy, \y) = oo for Ay > x1 + x4 2. Note that this
satisfies both (10) and (11). In this system, type-2 servers have
lower operating cost but higher switching cost.

Choose constants 7' > w +max(1, 82/(f1 — f2)), and N >
0. Now consider the cost of schemes AFHC, SFHC and RHC
under the load such that: (a) A\p4+1 = 0, (b) Ay = N for all
other t € [1,T], and (c) A\ =0 for ¢t & [1,T].

Under SFHC: At time ¢ = 1, group 1 sees Aj,..., A,+1 and
so uses N/(w+1) type-1 servers for the first w timeslots and

turns off all servers at timeslot w+ 1. From timeslot ¢ = w+2
onwards, it sees A = NN until time 7', and so uses N/(w + 1)
type-2 servers until 7.

For 2 <4 < w + 1, group ¢ initially sees a window of
loads in which w or fewer time slots have non-zero load, and
so again chooses servers of type 1. However, the last slot in
the first window, slot 7 — 1, has load NN, and so all servers
remain on. In the second and subsequent windows, the cost of
switching is greater than uses type-1 servers until 7'. Thus its
total cost is

cost(SFHC) = fiNT + B1N)

(
w1
+7w+1(f1Nw+ﬂ1N+f2N(waf 1)+ B2N)
The unique feasible dispatching is for each group to send all
N/w traffic to the N/w servers that are on.

Under AFHC: the provisioning is the same as SFHC, and the
dispatching is the same unique feasible one.

Under RHC: X uses type-1 servers forever, for the same
reason as group ¢ > 2 under SFHC. Thus its total cost is

cost(RHC) = f1NT + 1N

The choice of T implies f1(T — w) > fo(T —w — 1) + Ba,
and thus cost(SFHC') < cost(RHC). [ |

Proof of Theorem 3: The proof will be by construction.
Let J > S > w. Let the switching cost for a type-s
server be Bs = [y + 2esw. Denote the type-j workload
at time ¢ by A\ ; (j € {1,...,J}). Let the operating cost
be flaiAe) = Yoii(foo — se + C Xl py M), for
ZSSZI Ty > ijl Ai,; and f(zy, \y) = oo otherwise, where
€ > 0 is a small constant and C' > max, (35 is a large constant.
Intuitively, this operating cost function means that lower types
of servers consume a little bit more energy, but type-s servers
are very inefficient at processing workload of types higher
than s. Also, the switching cost increases slightly with the
type of the server. This may occur if all servers use roughly
the same hardware, but servers of type s store locally only
data for jobs of types 1 to s.

Consider the workload trace which has A\ = N for t =
1,...,w+land A\t y—yy = N fort =w+2,...,w+S5. All the
other arrival rates \; ; are zero. Then RHC would start with N
type-1 servers (the cheapest to turn on) at timeslot 1, and then
at each t € [2,S] would switch off the type-(t — 1) servers
and turn on NN type-t servers (the cheapest way to avoid the
excessive cost of processing type ¢ jobs using servers of type
< t). For sufficiently small ¢, the optimal solution always uses
N type-S servers for ¢t € [1,w + S]. Therefore the total costs
in [1,w + S] for small € are cost(RHC) = N(w + S)fo +
NSBo+O(e) and cost(OPT) = N(w+S) fo+ NBo+ O(e).
Therefore,

cost(RHC) 14 (S —1)Bg +0(e).

cost(OPT) (w+S)fo+ Bo
For S > w and S fy > [ and small €, this ratio will approach
1+ Bo/ fo, which implies the result. [ |




V. CONCLUDING REMARKS

This paper provides new analytic results for a classic
algorithm, Receding Horizon Control (RHC). We show that,
in the context of dynamic capacity provisioning, RHC is
1 + O(1/w)-competitive when the system is homogeneous,
but that when the system is heterogeneous RHC can perform
badly — the competitive ratio does not improve as the size
of the prediction window, w, grows. Accordingly, we develop
two new algorithms that use a mixture or average of w + 1
Fixed Horizon Control (FHC) algorithms. These algorithms
are able to provide 1+ O(1/w)-competitive ratios even in the
heterogeneous setting.

A key feature of this paper is the generality of the model
considered and the analytical results proven. The model
captures a wide variety of dynamic capacity provisioning
problems (e.g., geographical load balancing and provisioning
within a heterogeneous data center), and the analytical results
hold for quite general cost functions (typically not even
requiring convexity, as is typically assumed).

This work is only a first step toward developing analytical
foundations for dynamic capacity provisioning problems in
heterogeneous systems. There are many questions that this
paper leaves open. For example, we have not proven lower
bounds for the AFHC and SFHC algorithms introduced here.
More generally, it is not clear whether other algorithms could
provide better competitive ratios in the heterogeneous setting
as there is no proven lower bound on the optimal competitive
ratio achievable by an online algorithm in this setting. Addi-
tionally, it would be interesting to provide average-case (rather
than worst-case) results for the algorithms discussed here.
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